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We investigate a four-dimensional world, embedded into a five-dimensional spacetime, and find 
the five-dimensional Riemann tensor via generalisation of the Gauss (-Codacci) equations. We then 
derive the generalised equations of the four-dimensional world and also show that the square of 
the dilaton field is equal to the Newton's constant. We find plausable constant and non-constant 
solutions for the dilaton. 



PACS numbers: 04.50.+h, 04.20.O, 03.50.De, 98.80.-k 

Since the pioneering works of Kaluza [1] and Klein 
[2], who unified gravitation with electromagnetism, the 
implications of possible extra dimensions to our world 
have been under intense investigation — see [3] for an 
extensive collection of papers on higher-dimensional uni- 
fication. Jordan [4] and Thiry [5] used the equations 
of Kaluza-Klein's theory to show that the gravitational 
constant can be expressed as a dynamical field. A con- 
stant solution for the Newton's constant however is then 
allowed only if the square of the Maxwell electromag- 
netic tensor vanishes. Here we examine a dual set up 
in which this problem can be avoided. Based on the 
original Kaluza's model, we are here considering a gen- 
eral embedding of a four-dimensional world into a five- 
dimensional ambient spacetime. We derive a generalisa- 
tion of Gauss (-Codacci) equations by utilising all de- 
grees of freedom (the entire geometry) of the ambient 
spacetime and we also show how they affect the physics 
of the four-dimensional world. As a result we find a sys- 
tem of equations for the electromagnetic field, gravita- 
tional field and dilaton field. One of these equations is 
a plausable generalisation of gauge fixed Maxwell equa- 
tions in the presence of a dilaton field. We also show 
that the square of the dilaton field is equal to (modulo 
numerical factors) the Newton's constant. The gauge 
freedom of the electromagnetic fields is transferred to a 
freedom in fixing the dilaton field. Apart from the con- 
stant solution for the dilaton, we give an example for a 
non-constant solution describing time-varying Newton's 
constant in an expanding universe (see also [6]— [11] and 
others). We also give a general formula for generating 
different solutions for the dilaton field. 

We consider a four-dimensional world M, embedded 
into a five-dimensional spacetime V (see [12]-[17] and 
the references therein for a detailed discussion on em- 
beddings). Let y l (i — 1,2,3,4) denote the coordi- 
nates on M and x^ (p = 1,2,3,4,5) denote the coor- 
dinates on V. Greek indexes will be related to the five- 
dimensional spacetime V, while Latin indexes will be 



associated with the four-dimensional spacetime M. Let 
^(x 1 *) = s = const be the equation of the hypersuface 
M. One can alternatively express the parametric equa- 
tions of M as x M = x^(y 3 , s) and treating the parameter 
s as a coordinate, this then represents a coordinate trans- 
formation with inverse: 



V 



j — 



(1) 



We assume that this transformation is invertible at each 
point. This means that the Jacobi matrices of the trans- 
formation and its inverse have non-vanishing determi- 
nants everywhere. Thus, to globally parametrise the fo- 
liated five-dimensional spacetime V, it is sufficient to use 
the coordinates of the four-dimensional world M and the 
foliation parameter s. 
The vector normal to the surface is: 



Let us also define: 

„ dx^ 
6j dyi ' 
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The derivatives are related as follows: 
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~dx v 
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Obviously, if we denote = and E^ = jV M , then (e£) 
and (E£) will be the Jacobi matrices of the transforma- 
tion (x M ) — > (y\ s) and its inverse. Therefore: 



This orthogonality condition is equivalent to: 



e^E 1 = 5 J 



(6) 
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(Note that <5£ = dim V = 5 and 5\ = dim M = 4.) 
Thus the bases (e^,n M ) and (E^N^) are dual. They do 
not depend on the metric of cither spacetime, but only 
depend on the particular embedding chosen. 
Let us now introduce a scalar field 4>(y k ,s), a vector field 
Ai(y k ,s) and the metric tensor gij(y k ,s) on M. We fur- 
ther define the metric G M „ of the five-dimensional space- 
time V as an expansion over the basis vectors and 



G lu/ = ElEig ij 



(N^Et + N v El)Ai + . (12) 



s = const, i.e. e" 



Taking x L = y' L , x 

<5g ,E % = 8 % ,Nfj, = 5^ in (12) corresponds to the orig- 
inal Kaluza's model [1]. Klein's modification [2] — > 
gij + AiAj, together with the identification of as a 
dilaton is the model put forward by Jordan [4] and Thiry 
[5]. We note that the metric (12) has the same form as 
the inverse of the metric of Klein's model, thus the two 
theories arc dual: Kaluza's model corresponds to slicing, 
while Klein's model corresponds to threading of the five- 
dimensional spacetime [15]. The case with Ai = has 
also been considered (see, for example, [17], [18] and the 
references therein). 

The lack of gauge invariance for the fields Ai, which we 
nevertheless will associate with the electromagnetic po- 
tentials, in view of the slicing-threading duality, is com- 
pensated by the freedom to fix (f>. This, as will become 
claer later is the freedom to fix the dilaton field. 
Returning to (12), we define g*i as the inverse of the met- 
ric g i:i . Thus A i = g^Aj and A 2 = g ij AiAj. 
The inverse G^ of the metric G^ on V is then given by: 

qh» = h ij e^e V j - 9A\e%n v + e>^) + dn^n" , (13) 

where 6 = (<j) - A 2 )- 1 and h ij = g 11 + 9A i A 3 . One 
can easily check that G^ X G\ V = 5%. Using the inverse 
G^ v (13) of the metric G^ Vl we can raise and lower five- 
dimensional indexes to get: 



N 2 = JV M iV 



n „. = G^n v = AiE^+N^ 

,2 



(14) 
(15) 
(16) 
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Note that when A 1 = and 0=1, then — as in 
the ADM approach [17]. 
The extrinsic curvature is: 



Kji — e^e^Q^ . 



(18) 



where = \7^N V = V^N^. 

Multiplying (18) across by E^Ep and applying the or- 
thogonality conditions (7)— (11), one easily finds: 

Q a[i = ElE J p K l3 + {N a E} + NpEfofi + N a Np X , (19) 

with x = n^n"Q^ v and 



fj = n^Qtf = XKij + -d,N 



1 



N 



where N = y^N^W. 

The four-dimensional Christoffel symbols 

l)k = ^9 ll (d k gij + djgik ~ dig jk ) 
can then be expressed as: 

7j i = (9 J -ef + e«efr^)4-^ 



(20) 



(21) 



(22) 



where are the five-dimensional Christoffel symbols. 
Further, the four-dimensional Riemann curvature tensor 



using (22) and (7)— (11), becomes: 
r'jki = Eley.efR^ + EKV^^Ktj-e^Kkj) 



+\7 l (A*K kj )-\7 k (A l K u ) 

+A l A m (K ml K k j - K mk K tj ) , (24) 

where R a \ liV is the five-dimensional Riemann curvature 
tensor. The above is a generalisation of the Gauss equa- 
tions. Taking A 1 = and <j>= 1, one simply recovers the 
well known Gauss equations (see, for example, [19]): 



r jkl — ^a e j e k e l K \p,v 



KiKij-KfKkj. (25) 



Let us now expand the five-dimensional Riemann curva- 
ture tensor over our basis. Using its symmetries we can 
write: 

R\iiva = E^E^E^E^Uijki + 



+ 



(N X EI - N^E{)E k E l a 

+(N v Ei - N a Ei)E k x El]Vjki 

+(N x El - N^E{){N v E l a - N a E l v )Wj t , (26) 

where the coefficients in this expansion satisfy: 

Uijki — Ukiij = —Uijik = —Ujiki , (27) 
Vj k i = -Vjik, Wji = Wij. (28) 

Using (24), one can further find: 

Uijkl — e i el j e k e ?-^Xfj.ucr 

= Tijkl - (TTik 7Tjj - ITU -Kkj) , 



Vjki = n^elefRx^ 



= A l V, 



ijkl 



l 

N 



(Vfe TTlj - V; -Kkj) , 



(29) 
(30) 
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where it 3 i = j?Kji. 

Finding the remaining tensor Wji is more complicated. 
One can easily see that 



Wji = n»n°e)e\R x ^ a = S jt + A k V lk] , 



(31) 



where 



S l l = ^™" e X(VAQ ff A - VaQux) ■ (32) 

In the above we identify derivatives in the direction of n a . 
To handle this type of terms, we will have to explicitly 
invoke the dependence on s. 

Firstly, in virtue of (5), we get the following expression 
for the extrinsic curvature (18): 

N 2 N 2 
Kji = - — {V- J Ai+V l A 1 ) + —d s g ]l 

-\N X {gud 3 E k x + g kj diEl + A t d N x + A&Nx) 
N 2 



A k d k {e»e\)-d s {e»e\) 



(33) 



Using (20), (31), (32) and (33), it follows that 

1 



Wji = ^3 V,V ; iV - ^{djN){diN) + XA k U tjkl 



V 3 {A k n kl ) + V l (A"n kj ) 



1 

+ N 

I i 



N 



A k V 



N 



k Klj 



(34) 



where Clji contains only terms which are proportional 
to derivatives of the basis vectors and their duals with 
respect to (y k ,s). 

The five-dimensional Ricci tensor can easily be calculated 
from (26): 

= E^El [h ik U ijkl - N 2 A k {V jkl + V lkj ) + N 2 W 3l 

+ (N„El + N„El){-h jk V jk i + N 2 A^W 3 i) 
+N ll N v V l W 3 i . (35) 

Then the five-dimensional Einstein's equations in vacuum 

R„ v = (36) 

reduce to 

h* k U l3kl ~N 2 A k (V 3kl +V lk3 ) + N 2 W 3l = 0, (37) 



h jk V jH - .Y-.1MI 



0, (38) 



h jl W 3 i = 0. (39) 



Multiplying (37) by A? and adding it to (38) allows us 
to exclude Wji from equation (38). Then, using the ex- 
pressions (29) and (30) for Ui 3 u and V 3 u, (38) becomes: 



VfeTrf-V, iT k = 0, 



(40) 



Equations (40) (as we will see below) are a generalisation 
of Maxwell's equations in a fixed gauge. 
One has to make a very important point here. Klein's 
theory corresponds to a threading decomposition of the 
five-dimensional spacetime [15]. Rigorous analysis [16] 
shows that the curvature tensor of the hypersurface 
formed is given by Zclmanov's curvature tensor, which 
differs from the ordinary Riemann curvature tensor by 
additional terms containing s-derivatives of the four- 
dimensional metric. The cylinder condition forces the 
two curvature tensors equal and thus represents a sur- 
face forming condition. In Kaluza's theory, the foliation 
of the fivc-dimcnsional spacetime corresponds to slicing 
[15]. Then the four-dimensional metric gi 3 naturally ap- 
pears as the slicing metric and imposing a cylinder con- 
dition is not at all necessary. 

To simplify the analysis of the physics described by the 
fields Ai, <f), and N, we will, however, put aside the s- 
dependent terms. Also for simplicity, we will assume that 
the basis elements and their duals are constant (thus re- 
covering the original Kaluza's theory). The tensor Q 3 i 
will then vanish from (34). 
Equation (40) becomes: 



V k F kl = -2A k r kl + j^(7T kL 



^g kl )d k N. (41) 



Here F k i = \7 k Ai — ViA k is the Maxwell electromagnetic 
tensor with A k being the electromagnetic potential. 
The first term on the right-hand-side of (41) describes 
an interaction between electromagnetic and gravitational 
fields. We assume that it is much smaller than the re- 
maining terms, so that we can neglect it. Note that A k 
cannot be "gauged up" to increase the scale of A k r kl . 
Furthermore, if N is a constant, then (41) becomes the 
usual Maxwell's equations 



V fc F K1 = . 
The remaining two equations are: 

V fc (^) = 0, 



1 



N 2 



(42) 

(43) 
(44) 



where r = g Ti k and r 3 i are the four-dimensional scalar 
curvature and four-dimensional Ricci tensor, respectively. 
The energy-momentum tensor Tji is therefore given by: 



ji 



+ g lk V t B 3lk + Cji + D 3l , (45) 



where: 



TiMaxwcll 

1 3l 



1 



g lK F l3 F M - -g 3 iF lk F l 



B 3 i k = A k ViA 3 - AiW k A 3 - A 3 F k i + V 3 (A k Ai) 
+g 3l (A*V k A l -A k V l A*), (46) 



4 



Cji 
Dji 



g j iA i A k r ik - 2A i A l r ij - 2A i A j r il , (47) 
—V^N ^{AftN + AjdiN) 



+ 



N 3 "3 

2 

iV 2 



A k Ti i + Ainj + Ajirf 

-g 3l (A 1 ^ - A k ^ d k N . (48) 



We will analyse each of these terms separately. The first 
one, is the Maxwell energy-momentum tensor. 

The tensor Cji describes interaction between electromag- 
netic and gravitational fields. From (44) we see that, if 
N 2 is very small (as we will confirm later), then rji will 
be of the order of N 2 , which justifies the neglection of 
the interaction terms in (41) and the tensor Cji. 
Using (33) in (20) and then (20) in equation (43), we see 
that a constant solution for N is allowed by equation (43) 
if <h satisfies: 



V fe c\ <j> = ^F ik F it 



(49) 



where F lk is a solution of (42). For the constant solution 
for N, the tensor Dji vanishes. Moreover: 



(50) 



since g ml g nk V m V n B llk = -£VjV fc (£) = in view of 
(43). 

In other words, the conservation law (50) is given by the 
usual Maxwell energy-momentum tensor J™ axwe11 and A" 2 
plays the role of the Newton's constant Gn- 



2 



8ttG 



c 4 



(51) 



One has to point out here that in the set-up of Thiry [5] , 
and in [14], Gn — <fi 2 , where <j> satisfies (49). This implies 
that a constant solution for <ft an d, respectively, Gat is 
only possible when the unphysical constraint F lk Fi k = 
is satisfied. 

In contrast, in the dual set-up, a constant solution is pos- 
sible. However, N (together with Ai and gij) is a solution 
to the system of equations (41), (43), and (44) and, in 
general, does not need to be a constant. Then it plays 
the role of a dilaton field. 

To illustrate this, consider the standard cosmological 



metric [11] with E» = 5^: 

ds 2 5) = -s 2 dt 2 +t 2 ' a S 2 l^- a \dr 2 +r 2 dn 2 ) 



+a 2 (l -ay 2 t 2 ds 2 



(52) 



Changing variables by: r —> s 7 e' 3r with 7 = — (1/2)(1 + 
a) /{I — a) and t x / a — > a(t), we get: 

-s 2 a 2 [a{t)] 2a - 2 a 2 {t)dt 2 + 2A r drds 



+ sa z {t)e 2l3r {(3 2 dr 2 + dti z ) + 4>ds 2 , (53) 



where A r = 1 l3a 2 {t)e 2l3r , A t = A v = Ag = 0, and <j) = 
( 7 2 /s)a 2 (t)e 2 ' 3r + a 2 (l - a)- 2 a 2a (t). We take [3 to be a 
negative constant, so that the field A r will fall off towards 
infinity. Since a(t) describes the inflation, we note that 
the field A r expands as a 2 (t). The dilaton (which models 
the Newton's constant) varies as: 



N 2 = (l-a) 2 a- 2 [a(t)} 



-2a 



Thus: 



G 
G 



-2a- = -2aH . 
a 



(54) 



(55) 



where H is the Hubble's constant. Observational limits 
[7] put a < 10- 3 . 

One should note that the four-dimensional metric is now 
s-dependent, but this does not pose a problem in the slic- 
ing formulation. Only the term d s gji from the extrinsic 
curvature (33) should be recovered. 
Finally, we note that the general solution for the dilaton 
field can be written as: 

(dct 5ifc )(det^) 2 



det G„ 



(56) 



for a solution G^ v of (36) and embedding specified with 
Eg. 

To recapitulate, we have found plausable generalisations 
of Einstein Maxwell equations and explained the origin 
of the constant solution for the dilaton (representing the 
Newton's constant Gn) as well as the possibilities for 
modelling non-constant solutions for different cosmolo- 
gies (representing time- varying Gat) in relation to the 
gauge freedom of our model. 
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